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Abstract
We construct random iterative processes for weakly contractive and asymptotically nonexpansive
random operators and study necessary conditions for the convergence of these processes. It is shown
that they converge to the random fixed points of these operators in the setting of Banach spaces. We
also proved that an implicit random iterative process converges to the common random fixed point of
a finite family of asymptotically quasi-nonexpansive random operators in uniformly convex Banach
spaces.
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1. Introduction
Random nonlinear analysis is an important mathematical discipline which is mainly
concerned with the study of random nonlinear operators and their properties and is much
needed for the study of various classes of random equations. Random techniques have been
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dom methods have revolutionised the financial markets. Random fixed point theorems for
random contraction mappings on separable complete metric spaces were first proved by
Spacek [24] and Hans [13,14]. The survey article by Bharucha-Reid [8] in 1976 attracted
the attention of several mathematician and gave wings to this theory. Itoh [17] extended
Spacek’s and Hans’s theorem to multivalued contraction mappings. Now this theory has
become the full fledged research area and various ideas associated with random fixed point
theory are used to obtain the solution of nonlinear random system (see [7]). Recently Pa-
pageorgiou [22], Xu [25], Beg [3–5], Xu and Beg [27], Liu [18], Beg and Shahzad [6] and
many other authors have studied the fixed points of random maps. Choudhury [9], Mann
[19], Outlaw [20], Ishikawa [15,16], Ghosh and Debnath [12], Park [21], Schu [23] and
Choudhury and Ray [10] had used different iteration processes to obtain fixed points in de-
terministic operator theory. The aim of this paper is to study the different random iterative
algorithms for weakly contractive and asymptotically nonexpansive random operators on
an arbitrary Banach space. We also established the convergence of an implicit random it-
erative process for a finite family of asymptotically quasi-nonexpansive random operators.
2. Preliminaries
Let (Ω,Σ) be a measurable space (Σ -sigma algebra) and F a nonempty subset of a
Banach space X. A mapping ξ :Ω → X is measurable if ξ−1(U) ∈ Σ for each open subset
U of X. The mapping T :Ω ×F → F is a random map if and only if for each fixed x ∈ F,
the mapping T (., x) : Ω → F is measurable, and it is continuous if for each ω ∈ Ω, the
mapping T (ω, .) : F → X is continuous. A measurable mapping ξ :Ω → X is the random
fixed point of the random map T :Ω × F → X if and only if T (ω, ξ(ω)) = ξ(ω), for each
ω ∈ Ω.
Let B(x0, r) denotes the spherical ball centered at x0 with radius r, defined as the set
{x ∈ X: ‖x − x0‖ r}.
We denote the nth iterate T (ω,T (ω,T (ω, . . . , T (ω,x)))) of T by T n(ω,x). The let-
ter I denotes the random mapping I :Ω × F → F defined by I (ω,x) = x and T 0 = I.
Definition 2.1. Let F be a nonempty subset of a separable Banach space X and
T :Ω × F → F be a random map. The map T is said to be:
(a) Weakly contractive random operator if for arbitrary x, y ∈ F,∥∥T (ω,x)− T (ω,y)∥∥ ‖x − y‖ −Ψ (‖x − y‖), for each ω ∈ Ω,
where Ψ : [0,∞) → [0,∞) is a continuous and nondecreasing map such that
Ψ (0) = 0, and limt→∞ Ψ (t) = ∞.
(b) Asymptotically contractive random operator if for each x ∈ F, there exists x0 in F
with
lim sup
n→∞
‖T (ω,x)− T (ω,x0)‖
‖x − x0‖ < 1, for each ω ∈ Ω.
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mappings kn :Ω → [1,∞) with limn→∞ kn(ω) = 1, for each ω ∈ Ω, such that for
arbitrary x, y ∈ F we have∥∥T n(ω,x)− T n(ω,y)∥∥ kn(ω)‖x − y‖, for each ω ∈ Ω.
(d) Asymptotically quasi-nonexpansive random operator if there exists a sequence of mea-
surable mappings kn :Ω → [0,∞) with limn→∞ kn(ω) = 0, for each ω ∈ Ω. We have∥∥T n(ω,η(ω))− ξ(ω)∥∥ (1 + kn(ω))∥∥η(ω)− ξ(ω)∥∥, for each ω ∈ Ω,
where ξ :Ω → F is a random fixed point of T and η :Ω → F is any measurable map.
(e) Completely continuous random operator if the sequence {xn} in F converges weakly
to x0 implies that {T (ω,xn)} converges strongly to T (ω,x0) for each ω ∈ Ω.
(f) Demiclosed random operator (at y) if {xn} and {yn} are two sequences such that
T (ω,xn) = yn and {xn} converges weakly to x and {T (ω,xn)} converges to y imply
that x ∈ F and T (ω,x) = y, for each ω ∈ Ω.
(g) Uniformly L-Lipschitzian random operator if for arbitrary x, y ∈ F, we have∥∥T n(ω,x)− T n(ω.y)∥∥ L‖x − y‖,
where, n = 1,2, . . . , and L is a positive constant.
(h) Semi-compact random operator if for a sequence of measurable mappings {ξn} from
Ω to F, with limn→∞ ‖ξn(ω) − T (ω, ξn(ω))‖ = 0, for every ω ∈ Ω, we have a
subsequence {ξnk } of {ξn} such that ξnk (ω) → ξ(ω), for each ω ∈ Ω, where ξ is a mea-
surable mapping from Ω to F.
Definition 2.2 (Random Mann Iteration Scheme [19]). Let T :Ω×F → F be a random op-
erator, where F is a nonempty convex subset of a separable Banach space X. The random
Mann Iteration Scheme is a sequence of functions {ξn} defined by
ξn+1(ω) = (1 − αn)ξn(ω)+ αnT
(
ω, ξn(ω)
)
, for each ω ∈ Ω,
n = 0,1,2, . . . , where 0  αn  1 and ξ0 :Ω → F is an arbitrary measurable mapping.
Since F is a convex set, it follows that for each n, ξn is a mapping from Ω to F.
Remark 2.3. Let F be a closed and convex subset of a separable Banach space X and
the sequence of functions {ξn} defined as in Definition 2.2 is pointwise convergent, that is,
ξn(ω) → q := ξ(ω) for each ω ∈ Ω. Then closedness of F implies ξ is a mapping from Ω
to F. Since F is a subset of a separable Banach space X, so, if T is a continuous random
operator then by [2, Lemma 8.2.3], the map ω → T (ω,f (ω)) is a measurable function
for any measurable function f from Ω to F. Thus {ξn} is a sequence of measurable func-
tions. Hence ξ :Ω → F , being the limit of the sequence of measurable functions, is also
measurable.
Definition 2.4 (Random Ishikawa Iterative Process). Let T :Ω ×F → F be a random op-
erator, where F is a nonempty closed and convex subset of a separable Banach space X.
Then random Ishikawa Iterative Process is the sequences of functions {ξn} and {ηn} de-
fined by
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(
ω,ηn(ω)
)
,
ηn(ω) = (1 − βn)ξn(ω)+ βnT
(
ω, ξn(ω)
)
, for each ω ∈ Ω,
n = 0,1,2, . . . , where 0 αn,βn  1 and ξ0 :Ω → F is an arbitrary measurable mapping.
Obviously {ξn} and {ηn} are sequence of functions from Ω to F.
Definition 2.5 (Random Kirk Iteration Scheme). Let T :Ω ×F → F be a random operator,
where F is a nonempty closed and convex subset of a separable Banach space X. Then, for
a fixed positive integer k, define the map S :Ω × F → F as, S(ω,x) =∑ki=0 αiT i(ω, x),
for each ω ∈ Ω, where each αi  0, ∑ki=0 αi = 1 and α1 = 0. Now the sequence of func-
tions {ξn} given by the following equations defines random Kirk iterative process
ξn+1(ω) = S
(
ω, ξn(ω)
)
, for each ω ∈ Ω, n = 0,1,2, . . . ,
where ξ0 :Ω → F is an arbitrary measurable mapping. Obviously {ξn} is a sequence of
functions from Ω to F .
Definition 2.6 (Three step random iterative process). Let T :Ω × F → F be a random
operator, where F is a nonempty closed and convex subset of a separable Banach space X.
Let ξ0 be a measurable mapping from Ω to F. Define sequences of functions {ζn}, {ηn}
and {ξn} as given below:
ζn(ω) = γnT n
(
ω, ξn(ω)
)+ (1 − γn)ξn(ω),
ηn(ω) = βnT n
(
ω, ζn(ω)
)+ (1 − βn)ξn(ω),
ξn+1(ω) = αnT n
(
ω,ηn(ω)
)+ (1 − αn)ξn(ω), for each ω ∈ Ω,
n = 0,1,2, . . . , where {αn}, {βn} and {γn} are real numbers in [0,1]. Obviously {ζn}, {ηn}
and {ξn} are sequences of measurable functions from Ω to F.
Remark 2.7. If we take γn = 0 in Definition 2.6, then we have
ηn(ω) = βnT n
(
ω, ξn(ω)
)+ (1 − βn)ξn(ω),
ξn+1(ω) = αnT n
(
ω,ηn(ω)
)+ (1 − αn)ξn(ω), for each ω ∈ Ω,
n = 0,1,2, . . . , where {αn} and {βn} are real numbers in [0,1] and ξ0 is a measurable
mapping from Ω to F. This is random Ishikawa type iterative process. Similarly, if we put
βn = 0 and γn = 0 in Definition 2.6, then we obtain random Mann type iterative process.
Definition 2.8. Let {T1, T2, T3, . . . , TN } be a family of random operators from Ω × F
to F, where F is a closed, bounded and convex subset of a separable Banach space X.
Let D =⋂Ni=1 RF(Ti) = ∅, where RF(Ti) is the set of all random fixed points of a random
operator Ti for each i ∈ {1,2,3, . . . ,N} = J. Let ξ0 :Ω → F be any fixed measurable map.
We define the sequence of functions {ξn} as follows:
ξ1(ω) = α1ξ0(ω)+ (1 − α1)T1
(
ω, ξ1(ω)
)
,
ξ2(ω) = α2ξ1(ω)+ (1 − α2)T2
(
ω, ξ2(ω)
)
,
I. Beg, M. Abbas / J. Math. Anal. Appl. 315 (2006) 181–201 185. . .
ξN(ω) = αNξN−1(ω)+ (1 − αN)TN
(
ω, ξN(ω)
)
,
ξN+1(ω) = αN+1ξN(ω)+ (1 − αN+1)T 21
(
ω, ξN+1(ω)
)
,
. . .
ξ2N(ω) = α2Nξ2N−1(ω)+ (1 − α2N)T 2N
(
ω, ξ2N(ω)
)
,
ξ2N+1(ω) = α2N+1ξ2N(ω)+ (1 − α2N+1)T 31
(
ω, ξ2N+1(ω)
)
,
. . .
In compact form, we have
ξn(ω) = αnξn−1(ω)+ (1 − αn)T ki
(
ω, ξn(ω)
)
, (2.1)
where n = (k − 1)N + i, i ∈ J.
We shall need the following lemma from [26], which gives useful characterization of
uniformly convex Banach spaces.
Lemma 2.9 [26]. Let p > 1 and r > 0 be two fixed real numbers. Then a Banach space X is
uniformly convex if and only if there exists a continuous strictly increasing convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that∥∥λx + (1 − λ)y∥∥p  λ‖x‖p + (1 − λ)‖y‖p −wp(λ)g(‖x − y‖),
for all x, y ∈ B(0, r), where wp(λ) = λp(1 − λ)p + λ(1 − λ)p.
Lemma 2.10 [18]. Let the nonnegative number sequences {αn} and {βn} satisfy that
αn+1  (1 + βn)αn, for each n = 1,2,3, . . . , and
∞∑
n=1
βn < ∞.
Then
(1) limn→∞ αn exists.
(2) Moreover, if lim infn→∞ αn = 0, then limn→∞ αn = 0.
3. Three step random iterative process
In this section, we investigate the convergence of three step random iterative process
for asymptotically nonexpansive random operator T to obtain the random solution of the
random fixed point equation T (ω, ξ(ω)) = ξ(ω). This iterative process includes random
Ishikawa and Mann type iterative processes as its special case.
Theorem 3.1. Let X be a uniformly convex separable Banach space, and let F be a
nonempty compact and convex subset of X. Let T be a continuous asymptotically non-
expansive random operator from Ω × F to F, with sequence of measurable mappings
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quence of functions {ζn}, {ηn} and {ξn} as given below:
ζn(ω) = γnT n
(
ω, ξn(ω)
)+ (1 − γn)ξn(ω),
ηn(ω) = βnT n
(
ω, ζn(ω)
)+ (1 − βn)ξn(ω),
ξn+1(ω) = αnT n
(
ω,ηn(ω)
)+ (1 − αn)ξn(ω), for each ω ∈ Ω,
n = 0,1,2 . . . . If 0 < lim infn→∞ αn  lim supn→∞ αn < 1, then
lim
n→∞
∥∥T n(ω,ηn(ω))− ξn(ω)∥∥= 0, for each ω ∈ Ω.
Proof. The existence of random fixed point of T follows from Bharucha-Reid’s stochastic
analogue [8] of the well-known Schauder’s fixed point theorem. Let ξ :Ω → F be the
random fixed point of T . Since F is bounded, choose the number r > 0 such that F ⊆
B(0, r). For any arbitrary real number p > 1, using Lemma 2.9, we have the following:∥∥ζn(ω)− ξ(ω)∥∥p
= ∥∥γnT n(ω, ξn(ω))+ (1 − γn)ξn(ω)− ξ(ω)∥∥p
= ∥∥γn(T n(ω, ξn(ω))− ξ(ω))+ (1 − γn)(ξn(ω)− ξ(ω))∥∥p
 γn
∥∥T n(ω, ξn(ω))− T n(ω, ξ(ω))∥∥p + (1 − γn)∥∥ξn(ω)− ξ(ω)∥∥p
−wp(γn)g
(∥∥T n(ω, ξn(ω))− ξn(ω)∥∥)
 γn
∥∥T n(ω, ξn(ω))− T n(ω, ξ(ω))∥∥p + (1 − γn)∥∥ξn(ω)− ξ(ω)∥∥p
 γn
(
kn(ω)
)p∥∥ξn(ω)− ξ(ω)∥∥p + (1 − γn)∥∥ξn(ω)− ξ(ω)∥∥p

(
1 + γn
(
kn(ω)
)p − γn)∥∥ξn(ω)− ξ(ω)∥∥p.
Now, ∥∥ηn(ω) − ξ(ω)∥∥p
= ∥∥βnT n(ω, ζn(ω))+ (1 − βn)ξn(ω)− ξ(ω)∥∥p
= ∥∥βn(T n(ω, ζn(ω))− ξ(ω))+ (1 − βn)(ξn(ω)− ξ(ω))∥∥p
 βn
∥∥T n(ω, ζn(ω))− ξ(ω)∥∥p + (1 − βn)∥∥ξn(ω) − ξ(ω)∥∥p
−wp(βn)g
(∥∥T n(ω, ζn(ω))− ξn(ω)∥∥)
 βn
(
kn(ω)
)p∥∥ζn(ω)− ξ(ω)∥∥p + (1 − βn)∥∥ξn(ω)− ξ(ω)∥∥p
−wp(βn)g
(∥∥T n(ω, ζn(ω))− ξn(ω)∥∥).
Therefore,∥∥ξn+1(ω)− ξ(ω)∥∥p
= ∥∥αnT n(ω,ηn(ω))+ (1 − αn)(ξn(ω)− ξ(ω))∥∥p
= ∥∥αn(T n(ω,ηn(ω))− ξ(ω))+ (1 − αn)(ξn(ω)− ξ(ω))∥∥p
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∥∥T n(ω,ηn(ω))− ξ(ω)∥∥p + (1 − αn)∥∥ξn(ω)− ξ(ω)∥∥p
−wp(αn)g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)
 αn
(
kn(ω)
)p[
βn
(
kn(ω)
)p∥∥ζn(ω)− ξ(ω)∥∥p + (1 − βn)∥∥ξn(ω)− ξ(ω)∥∥p
−wp(βn)g
(∥∥T n(ω, ζn(ω))− ξn(ω)∥∥)]+ (1 − αn)∥∥ξn(ω)− ξ(ω)∥∥p
−wp(αn)g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)
 αn
(
kn(ω)
)p
βn
(
kn(ω)
)p(1 + γn(kn(ω))p − γn)∥∥ξn(ω)− ξ(ω)∥∥p
+ αn
(
kn(ω)
)p
(1 − βn)
∥∥ξn(ω)− ξ(ω)∥∥p
− αn
(
kn(ω)
)p
wp(βn)g
(∥∥T n(ω, ζn(ω))− ξn(ω)∥∥)
+ (1 − αn)
∥∥ξn(ω)− ξ(ω)∥∥p −wp(αn)g(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)
= ∥∥ξn(ω) − ξ(ω)∥∥p + [αnβnγn((kn(ω))p)2 + αnβn(kn(ω))p + αn]
× ((kn(ω))p − 1)∥∥ξn(ω)− ξ(ω)∥∥p
− αnwp(βn)g
(∥∥T n(ω, ζn(ω))− ξn(ω)∥∥)
−wp(αn)g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥). (3.1)
Now the convergence of the sequence {kn(ω)}, for each ω ∈ Ω, and boundedness of F
implies the existence of the positive constant M such that(((
kn(ω)
)p)2 + (kn(ω))p + 1)∥∥ξn(ω)− ξ(ω)∥∥p M.
Thus, we have
wp(αn)g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)

∥∥ξn(ω)− ξ(ω)∥∥p − ∥∥ξn+1(ω)− ξ(ω)∥∥p
+M((kn(ω))p − 1)∥∥ξn(ω)− ξ(ω)∥∥p, (3.2)
also,
αnwp(βn)g
(∥∥T n(ω, ζn(ω))− ξn(ω)∥∥)

∥∥ξn(ω)− ξ(ω)∥∥p − ∥∥ξn+1(ω)− ξ(ω)∥∥p +M((kn(ω))p − 1). (3.3)
Since, 0 < lim infn→∞ αn  lim supn→∞ αn < 1, we may find the real number δ > 0
and a natural number N0 such that
αn(1 − αn)p + αpn (1 − αn) δ > 0, for each n >N0,
that is,
wp(αn) δ > 0, for each n >N0.
From the inequality (3.2), for any natural number m>N0, we have
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n=N0
g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)

m∑
n=N0
wp(αn)g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)

∥∥ξN0(ω)− ξ(ω)∥∥p − ∥∥ξm+1(ω)− ξ(ω)∥∥p
+M
m∑
n=N0
((
kn(ω)
)p − 1). (3.4)
Using the Lagrange mean value theorem, we have the following observation
tp − 1 ptp−1(t − 1), for t  1. (3.5)
Since
∑∞
n=1(kn(ω) − 1) < ∞, for each ω ∈ Ω, so inequality (3.5) implies that∑∞
n=1(kn(ω))p − 1) < ∞, for each ω ∈ Ω. Now inequality (3.4) gives
m∑
n=N0
g
(∥∥T n(ω,ηn(ω))− ξn(ω)∥∥)< ∞, for each ω ∈ Ω, when m → ∞.
It further implies limn→∞ g(‖T n(ω,ηn(ω)) − ξn(ω)‖) = 0, for each ω ∈ Ω. Since g is
strictly increasing and continuous at 0 with g(0) = 0. Hence we have
lim
n→∞
∥∥T n(ω,ηn(ω))− ξn(ω)∥∥= 0, for each ω ∈ Ω. 
Remark 3.2. If we choose the real numbers {αn} and {βn} such that
0 < lim inf
n→∞ βn  lim supn→∞
βn < 1 and lim inf
n→∞ αn > 0,
then, using the same arguments with inequality (3.3), we have limn→∞ ‖T n(ω, ζn(ω)) −
ξn(ω)‖ = 0, for each ω ∈ Ω.
Theorem 3.3. Let F be a nonempty closed, bounded, and convex subset of a separa-
ble uniformly convex Banach space X. Let T :Ω × F → F be a completely continuous,
asymptotically nonexpansive random operator with sequence of measurable mappings
kn :Ω → [1,∞) satisfying ∑∞n=1(kn(ω) − 1) < ∞, for each ω ∈ Ω. Let ξ0 be a mea-
surable mapping from Ω to F. Define the sequence of functions {ζn}, {ηn} and {ξn} as
follows:
ζn(ω) = γnT n
(
ω, ξn(ω)
)+ (1 − γn)ξn(ω),
ηn(ω) = βnT n
(
ω, ζn(ω)
)+ (1 − βn)ξn(ω),
ξn+1(ω) = αnT n
(
ω,ηn(ω)
)+ (1 − αn)ξn(ω),
for each ω ∈ Ω, n = 0,1,2, . . . , with {αn}, {βn}, and {γn} are real numbers in
[0,1] satisfying, 0 < lim infn→∞ αn  lim supn→∞ αn < 1, and 0 < lim infn→∞ βn 
lim supn→∞ βn < 1. Then sequences {ζn}, {ηn} and {ξn} converge to a random fixed point
of T .
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Also inequality (3.5) and ∑∞n=1(kn(ω) − 1) < ∞, for each ω ∈ Ω, implies that∑∞
n=1((kn(ω))p − 1) < ∞, for each ω ∈ Ω. Thus limn→∞ ‖ξn(ω) − ξ(ω)‖ exists. Also
from Theorem 3.1, we have
lim
n→∞
∥∥T n(ω,ηn(ω))− ξn(ω)∥∥= 0 and
lim
n→∞
∥∥T n(ω, ζn(ω))− ξn(ω)∥∥= 0, for each ω ∈ Ω.
Now, consider∥∥T n(ω, ξn(ω))− ξn(ω)∥∥
 kn(ω)
∥∥ξn(ω) − ηn(ω)∥∥+ ∥∥T n(ω,ηn(ω))− ξn(ω)∥∥
 kn(ω)βn
∥∥T n(ω, ζn(ω))− ξn(ω)∥∥+ ∥∥T n(ω,ηn(ω))− ξn(ω)∥∥→ 0,
as n → ∞. Hence,∥∥ξn+1(ω)− T n(ω, ξn+1(ω))∥∥

∥∥ξn+1(ω)− ξn(ω)∥∥+ ∥∥T n(ω, ξn+1(ω))− T n(ω, ξn(ω))∥∥
+ ∥∥T n(ω, ξn(ω))− ξn(ω)∥∥

∥∥ξn+1(ω)− ξn(ω)∥∥+ kn(ω)∥∥ξn+1(ω)− ξn(ω)∥∥
+ ∥∥T n(ω, ξn(ω))− ξn(ω)∥∥
 αn
(
1 + kn(ω)
)∥∥T n(ω,ηn(ω))− ξn(ω)∥∥+ ∥∥T n(ω, ξn(ω))− ξn(ω)∥∥→ 0,
as n → ∞ and for each ω ∈ Ω . Now,∥∥ξn+1(ω)− T (ω, ξn+1(ω))∥∥

∥∥ξn+1(ω)− T n+1(ω, ξn+1(ω))∥∥+ ∥∥T (ω, ξn+1(ω))− T n+1(ω, ξn+1(ω))∥∥

∥∥ξn+1(ω)− T n+1(ω, ξn+1(ω))∥∥+ k1(ω)∥∥ξn+1(ω)− T n(ω, ξn+1(ω))∥∥→ 0,
as n → ∞, for each ω ∈ Ω. Thus, we have
lim
n→∞
∥∥T (ω, ξn(ω))− ξn(ω)∥∥= 0, for each ω ∈ Ω. (3.6)
Since T is a completely continuous random operator and {ξn(ω)} is a bounded sequence
for each ω ∈ Ω. So we have a subsequence {ξnk (ω)} of {ξn(ω)} such that {T (ω, ξnk (ω))}
is convergent, for each ω ∈ Ω. Therefore from (3.6), we have {ξnk (ω)} is convergent, for
each ω ∈ Ω. Let ξnk (ω) → q(ω), for each ω ∈ Ω. By the continuity of T , T (ω,q(ω)) =
q(ω), for each ω ∈ Ω. The mapping q :Ω → F, being a pointwise limit of the mea-
surable mappings {ξn}, is measurable. Hence q is a random fixed point of T . Since
limn→∞ ‖ξn(ω) − q(ω)‖ exists, for each ω ∈ Ω, and limn→∞ ‖ξnk (ω) − q(ω)‖ = 0, for
each ω ∈ Ω. Therefore, limn→∞ ‖ξn(ω) − q(ω)‖ = 0, that is limn→∞ ξn(ω) = q(ω), for
each ω ∈ Ω. Since,
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as n → ∞, for each ω ∈ Ω. Hence, limn→∞ ηn(ω) = q(ω), for each ω ∈ Ω, and
limn→∞ ζn(ω) = q(ω), for each ω ∈ Ω. 
Theorem 3.4. Let F be a nonempty closed bounded and convex subset of a separable
uniformly convex Banach space X. Let T :Ω × F → F be a completely continuous,
asymptotically nonexpansive random operator with sequence of measurable mappings
kn :Ω → [1,∞) satisfying ∑∞n=1(kn(ω) − 1) < ∞, for each ω ∈ Ω. Let ξ0 be a mea-
surable mapping from Ω to F. Define the sequence of functions {ηn} and {ξn} as given
below:
ηn(ω) = βnT n
(
ω, ξn(ω)
)+ (1 − βn)ξn(ω),
ξn+1(ω) = αnT n
(
ω,ηn(ω)
)+ (1 − αn)ξn(ω), for each ω ∈ Ω,
n = 0,1,2, . . . , with {αn} and {βn} are real numbers in [0,1] satisfying
0 < lim inf
n→∞ αn  lim supn→∞
αn < 1 and lim sup
n→∞
βn < 1.
Then sequences {ηn} and {ξn} converge to a random fixed point of T .
Proof. From Theorem 3.1, we have
lim
n→∞
∥∥T n(ω,ηn(ω))− ξn(ω)∥∥= 0, for each ω ∈ Ω.
Consider∥∥ξn(ω) − ηn(ω)∥∥
= ∥∥βn(T n(ω, ξn(ω))− ξn(ω))∥∥
 βn
[∥∥T n(ω, ξn(ω))− T n(ω,ηn(ω))∥∥+ ∥∥T n(ω,ηn(ω))− ξn(ω)∥∥]
 βnkn(ω)
∥∥ξn(ω)− ηn(ω)∥∥+ βn∥∥T n(ω,ηn(ω))− ξn(ω)∥∥.
It implies(
1 − βnkn(ω)
)∥∥ξn(ω)− ηn(ω)∥∥
 βn
∥∥T n(ω,ηn(ω))− ξn(ω)∥∥, for each ω ∈ Ω.
Since, limn→∞ kn(ω) = 1, lim supn→∞ βn < 1, therefore, 1 − lim supn→∞ βn > 0. Thus,
we have
lim
n→∞
∥∥ξn(ω) − ηn(ω)∥∥= 0, for each ω ∈ Ω.
Now, ∥∥T n(ω, ξn(ω))− ξn(ω)∥∥

∥∥T n(ω, ξn(ω))− T n(ω,ηn(ω))∥∥+ ∥∥T n(ω,ηn(ω))− ξn(ω)∥∥
 kn(ω)
∥∥ξn(ω)− ηn(ω)∥∥+ ∥∥T n(ω,ηn(ω))− ξn(ω)∥∥.
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lim
n→∞
∥∥T n(ω, ξn(ω))− ξn(ω)∥∥= 0, for each ω ∈ Ω.
Using the same arguments as is employed in Theorem 3.4, we have
lim
n→∞ ξn(ω) = q(ω), and limn→∞ηn(ω) = q(ω), for each ω ∈ Ω,
where q is the random fixed point of T . 
Remark 3.5. For βn = 0, Theorem 3.4 reduces to the following Mann type convergence
result.
Let F be a nonempty closed bounded and convex subset of a separable uniformly con-
vex Banach space X. Let T :Ω × F → F be a completely continuous, asymptotically
nonexpansive random operator with sequence of measurable mappings kn :Ω → [1,∞)
satisfying
∑∞
n=1(kn(ω) − 1) < ∞, for each ω ∈ Ω. Let ξ0 be a measurable mapping from
Ω to F. Define the sequence of functions {ξn} as given below:
ξn+1(ω) = αnT n
(
ω, ξn(ω)
)+ (1 − αn)ξn(ω), for each ω ∈ Ω,
n = 0,1,2, . . . , with {αn} are real numbers in [0,1] satisfying,
0 < lim inf
n→∞ αn  lim supn→∞
αn < 1.
Then, sequence {ξn} converges to a random fixed point of T .
4. An implicit random iterative process
The term of quasi-nonexpansiveness was first coined in 1967 by Diaz and Metcalf [11].
We present in this section, an implicit random iterative process for the finite family of as-
ymptotically quasi-nonexpansive mappings. We also establish the necessary and sufficient
condition for the convergence of this process to the common random fixed point of the
finite family mentioned afore.
Theorem 4.1. Let F be a nonempty closed and convex subset of a separable Banach
space X. Let {Ti : i ∈ J } be N asymptotically quasi-nonexpansive continuous random
operators from Ω ×F → F, with sequence of measurable mappings λin :Ω → [1,∞) sat-
isfying ∑∞n=1 λin(ω) < ∞, for each ω ∈ Ω and for each i ∈ J. Let D =⋂Ni=1 RF(Ti) = ∅.
Let ξ0 be a measurable mapping from Ω to F, then the implicit random iterative process
(2.1) converges to a common random fixed point of random operators {Ti : i ∈ J } if and
only if lim infn→∞ d(ξn(ω),D) = 0, where {αn} is a sequence of real numbers in an open
interval (s,1 − s) for some s ∈ (0,1).
Proof. If for some ξ ∈ D, and limn→∞ ‖ξn(ω) − ξ(ω)‖ = 0, for each ω ∈ Ω, then obvi-
ously lim infn→∞ d(ξn(ω),D) = 0.
Now, for any measurable mapping ξ ∈ D, consider∥∥ξn(ω)− ξ(ω)∥∥= ∥∥αnξn−1(ω)+ (1 − αn)T kn (ω, ξn(ω))− ξ(ω)∥∥,
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 αn
∥∥ξn−1(ω) − ξ(ω)∥∥+ (1 − αn)∥∥T ki (ω, ξn(ω))− ξ(ω)∥∥
 αn
∥∥ξn−1(ω) − ξ(ω)∥∥+ (1 − αn)(1 + λik (ω))∥∥ξn(ω)− ξ(ω)∥∥
 αn
∥∥ξn−1(ω) − ξ(ω)∥∥+ (1 + λik (ω)− αn)∥∥ξn(ω) − ξ(ω)∥∥
 αn
∥∥ξn−1(ω) − ξ(ω)∥∥+ (1 + λik (ω))∥∥ξn(ω) − ξ(ω)∥∥− αn∥∥ξn(ω)− ξ(ω)∥∥.
Therefore,
αn
∥∥ξn(ω) − ξ(ω)∥∥ αn∥∥ξn−1(ω)− ξ(ω)∥∥+ λik (ω)∥∥ξn(ω)− ξ(ω)∥∥. (4.1)
Since, 0 < s < αn < 1 − s < 1, thus,
αn
∥∥ξn(ω) − ξ(ω)∥∥ αn∥∥ξn−1(ω)− ξ(ω)∥∥+ λik (ω)αns
∥∥ξn(ω)− ξ(ω)∥∥.
Dividing the inequality (4.1) by αn and simplifying, we have(
1 − λik (ω)
s
)∥∥ξn(ω)− ξ(ω)∥∥<
(
1 − λik (ω)
αn
)∥∥ξn(ω)− ξ(ω)∥∥

∥∥ξn−1(ω)− ξ(ω)∥∥.
Hence,∥∥ξn(ω) − ξ(ω)∥∥ s
s − λik (ω)
∥∥ξn−1(ω)− ξ(ω)∥∥. (4.2)
Since,
∑∞
k=1 λik (ω) < ∞, for each ω ∈ Ω and i ∈ J, thus limk→∞ λik (ω) = 0 for each
ω ∈ Ω and i ∈ J. So, there exists a natural number n0, k > n0N + 1, that is, n > n0 such that
s − λik (ω) > 0, and λik (ω) < s2 , for each ω ∈ Ω, and i ∈ J. Define,
υik (ω) =
s
s − λik (ω)
− 1 = λik (ω)
s − λik (ω)
,
for each ω ∈ Ω and i ∈ J. Now, υik (ω) < 2s λik (ω), for each ω ∈ Ω, and i ∈ J. Therefore,
∞∑
k=1
υik (ω) <
2
s
∞∑
k=1
λik (ω) < ∞.
Hence, we have,∥∥ξn(ω) − ξ(ω)∥∥ (1 + υik (ω))∥∥ξn−1(ω)− ξ(ω)∥∥, for each ξ ∈ D.
This gives, d(ξn(ω),D) (1+υik (ω))d(ξn−1(ω),D), for each ω ∈ Ω. From Lemma 2.10
we have, limn→∞ d(ξn(ω),D) = 0, for every ω ∈ Ω. Since it is well known that, when
x > 0, 1 + x  exp(x), we have
∥∥ξn+m(ω)− ξ(ω)∥∥ exp
{
N∑
i=1
∞∑
k=1
υik (ω)
}∥∥ξn(ω)− ξ(ω)∥∥,
for each ξ ∈ D, for all natural number m and n.
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Take, ε > 0, since limn→∞ d(ξn(ω),D) = 0, for each ω ∈ Ω. Therefore there exists a
natural number n1 such that for n  n1, d(ξn(ω),D) < ε3M , for each ω ∈ Ω . Now for
n n1 and for all m, consider∥∥ξn+m(ω)− ξn(ω)∥∥ ∥∥ξn+m(ω)− ξ(ω)∥∥+ ∥∥ξn(ω)− ξ(ω)∥∥
M
∥∥ξn(ω)− ξ(ω)∥∥+ ∥∥ξn(ω)− ξ(ω)∥∥
< ε.
It implies that {ξn(ω)} is a Cauchy sequence, for each ω ∈ Ω. Therefore, ξn(ω) → p(ω),
for each ω ∈ Ω, p :Ω → F, being the limit of the sequence of measurable functions, is
also measurable. Now, limn→∞ d(ξn(ω),D) = 0, for each ω ∈ Ω, and each member of
the family is continuous, using the similar arguments as in [4, Theorem 3.1], we have
p ∈ D. 
Theorem 4.2. Let F be a nonempty closed bounded and convex subset of a uniformly
convex separable Banach space X. Let {Ti : i ∈ J } be N uniformly L-Lipschitzian, as-
ymptotically quasi-nonexpansive random operators from Ω × F → F, with sequence of
measurable mappings λin :Ω → [1,∞) satisfying
∑∞
n=1 λin(ω) < ∞, for each ω ∈ Ω and
for each i ∈ J. Let D =⋂Ni=1 RF(Ti) = ∅, and there is one member T (say) in the family{Ti : i ∈ J } to be semi-compact random operator. Let ξ0 be a measurable mapping from
Ω to F. Then the implicit random iterative process (2.1) converges to a common random
fixed point of random operators {Ti : i ∈ J }, where {αn} is a sequence of real numbers in
an open interval (s,1 − s) for some s ∈ (0,1).
Proof. Since F is a bounded set, so we may find r > 0 such that F ⊆ B(0, r). Using
Lemma 2.9 for p = 2, and for each ω ∈ Ω, with ξ as a common random fixed point of the
given family of operators. Now we have the following inequality:∥∥ξn(ω)− ξ(ω)∥∥2
= ∥∥αnξn−1(ω)+ (1 − αn)T ki (ω, ξn(ω))− ξ(ω)∥∥2
= ∥∥αn(ξn−1(ω)− ξ(ω))+ (1 − αn)(T ki (ω, ξn(ω))− ξ(ω))∥∥2
 αn
∥∥ξn−1(ω)− ξ(ω)∥∥2 + (1 − αn)∥∥T ki (ω, ξn(ω))− ξ(ω)∥∥2
− αn(1 − αn)g
(∥∥T ki (ω, ξn(ω))− ξn−1(ω)∥∥)
 αn
∥∥ξn−1(ω)− ξ(ω)∥∥2 + (1 − αn)∥∥T ki (ω, ξn(ω))− ξ(ω)∥∥2
− αn(1 − αn)g
(∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥),
where n = (k − 1)N + i, i ∈ J. Also since for each i ∈ J, Ti is an asymptotically quasi-
nonexpansive mapping, therefore,
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 αn
∥∥ξn−1(ω) − ξ(ω)∥∥2 + (1 − αn)(1 + (λik (ω))2∥∥ξn(ω)− ξ(ω)∥∥2
− αn(1 − αn)g
(∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥)
 αn
∥∥ξn−1(ω) − ξ(ω)∥∥2 + (1 − αn + uik )∥∥ξn(ω)− ξ(ω)∥∥2
− αn(1 − αn)g
(∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥),
where uik (ω) = 2λik (ω) + (λik (ω))2, for each ω ∈ Ω. Since,
∑∞
n=1 λin(ω) < ∞, for each
ω ∈ Ω, therefore, ∑∞k=1 uik (ω) < ∞, for each ω ∈ Ω and i ∈ J. As, s < 1 − αn < 1 − s,
therefore we reach at the following inequality:∥∥ξn(ω) − ξ(ω)∥∥2

∥∥ξn−1(ω) − ξ(ω)∥∥2 + uik(ω)
s
∥∥ξn(ω)− ξ(ω)∥∥2
− (1 − αn)g
(∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥)

∥∥ξn−1(ω) − ξ(ω)∥∥2 + uik(ω)
s
∥∥ξn(ω)− ξ(ω)∥∥2.
It further implies that,∥∥ξn(ω) − ξ(ω)∥∥2  s
s − uik (ω)
∥∥ξn−1(ω)− ξ(ω)∥∥2.
Thus, limn→∞ ‖ξn(ω) − ξ(ω)‖2 exists, its proof can be carried out in the same way as in
Theorem 4.1. Now,
sg
(∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥)
 (1 − αn)g
(∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥)

∥∥ξn−1(ω) − ξ(ω)∥∥2 − ∥∥ξn(ω)− ξ(ω)∥∥2 + uik(ω)
s
∥∥ξn(ω)− ξ(ω)∥∥2

∥∥ξn−1(ω) − ξ(ω)∥∥2 − ∥∥ξn(ω)− ξ(ω)∥∥2 + uik(ω)
s
(2r).
Thus, limn→∞ g(‖T kn (ω, ξn(ω)) − ξn−1(ω)‖) = 0. Since g is strictly increasing and con-
tinuous at 0 with g(0) = 0, this implies
lim
n→∞
∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥= 0.
So, ∥∥ξn(ω) − ξn−1(ω)∥∥= (1 − αn)∥∥T kn (ω, ξn(ω))− ξn−1(ω)∥∥→ 0, for each ω ∈ Ω,
and ‖ξn(ω)− ξn+l (ω)‖ → 0, for each ω ∈ Ω, and for all l < 2N. Now for n >N, we have∥∥ξn−1(ω)− Tn(ω, ξn(ω))∥∥

∥∥ξn−1(ω) − T kn (ω, ξ(ω))∥∥+ ∥∥T kn (ω, ξ(ω))− Tn(ω, ξn(ω))∥∥

∥∥ξn−1(ω) − T kn (ω, ξ(ω))∥∥+L∥∥T k−1n (ω, ξ(ω))− ξn(ω)∥∥

∥∥ξn−1(ω) − T kn (ω, ξ(ω))∥∥+L[∥∥T k−1n (ω, ξ(ω))− T k−1n−N (ω, ξn−N(ω))∥∥
+ ∥∥T k−1 (ω, ξn−N(ω))− ξ(n−N)−1(ω)∥∥+ ∥∥ξ(n−N)−1(ω)− ξn(ω)∥∥].n−N
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
∥∥ξn−1(ω)− T kn (ω, ξ(ω))∥∥+L2∥∥ξ(ω) − ξn−N(ω)∥∥
+L∥∥T k−1n−N (ω, ξn−N(ω))− ξ(n−N)−1(ω)∥∥+L∥∥ξ(n−N)−1(ω)− ξn(ω)∥∥.
Hence, we have limn→∞ ‖ξn−1(ω)− Tn(ω, ξn(ω))‖ = 0. Now,∥∥ξn(ω)− Tn(ω, ξn(ω))∥∥ ∥∥ξn−1(ω) − ξn(ω)∥∥+ ∥∥ξn−1(ω)− Tn(ω, ξn(ω))∥∥
gives limn→∞ ‖ξn(ω)− Tn(ω, ξn(ω))‖ = 0, for each ω ∈ Ω. Now for each j ∈ J,∥∥ξn(ω)− Tn+j (ω, ξn(ω))∥∥

∥∥ξn(ω)− ξn+j (ω)∥∥+ ∥∥ξn+j (ω)− Tn+j (ω, ξn+j (ω))∥∥
+ ∥∥Tn+j (ω, ξn+j (ω))− Tn+j (ω, ξn(ω))∥∥
 (1 +L)∥∥ξn(ω)− ξn+j (ω)∥∥+ ∥∥ξn+j (ω)− Tn+j (ω, ξn+j (ω))∥∥.
It gives that ‖ξn(ω)−Tn+j (ω, ξn(ω))‖ → 0, as n → ∞, for each ω ∈ Ω and j ∈ J, conse-
quently, ‖ξn(ω)−Tj (ω, ξn(ω))‖ → 0, as n → ∞, for each ω ∈ Ω and j ∈ J. Assume that
T1 is a semi-compact random operator, this implies that we have a subsequence {ξnk (ω)} of
{ξn(ω)} such that ξnk (ω) → ξ0(ω) for each ω ∈ Ω. Obviously, ξ0 is a measurable mapping
form Ω → F. Now,
lim
n→∞
∥∥ξnk (ω)− Tj (ω, ξnk (ω))∥∥= ∥∥ξ0(ω)− Tj (ω, ξ0(ω))∥∥= 0, for each ω ∈ Ω,
and j ∈ J. It implies that ξ0 ∈ D, also lim infn→∞ d(ξn(ω),D) = 0.
Hence by the Theorem 4.1, we obtain {ξn} converges to a common random fixed point
of the family. 
5. Random iterative algorithms for weakly contractive random operator
Alber and Guerre-Delabriere [1] introduced the notion of weakly contractive mappings
on Hilbert spaces. It lies between those which satisfy Banach’s contraction principle and
contractive maps. In this section we present the random version of some of their work in
the context of a separable Banach space.
Theorem 5.1. Let F be a nonempty closed and convex subset of a separable uniformly
convex Banach space X and T :Ω × F → F be a nonexpansive asymptotically random
contractive operator with T (ω, .)F ⊆ F, for each ω ∈ Ω, and T (ω, .) is completely con-
tinuous, then T has a random fixed point.
Proof. Let {tn} be a sequence of real numbers in (0,1) with limit 0. Let x0 ∈ F. For
each n, define the mapping Tn :Ω × F → F as Tn(ω,x) = tnx0 + (1 − tn)T (ω,x). Since
T (ω, .)F ⊆ F, convexity of F further implies Tn(ω, .)F ⊆ F for each n. Now,
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 (1 − tn)‖x − y‖.
Thus Tn(ω, .) is a contraction mapping with rate (1 − tn), for each ω ∈ Ω. Hence each
Tn has a random fixed point ξn for each n [8]. Now we show that {ξn(ω)} is a bounded
sequence for each ω ∈ Ω, if this is not the case, we may assume ‖ξn(ω)‖ → ∞, for some
ω ∈ Ω. Let α ∈ (0,1) and β > 0 be such that
‖T (ω,x)− T (ω,x0)‖
‖x − x0‖  α, for each ω ∈ Ω and x ∈ F with ‖x‖ β.
For n large enough, consider∥∥ξn(ω)∥∥= ∥∥Tn(ω, ξn(ω))∥∥
= ∥∥tnx0 + (1 − tn)T (ω, ξn(ω))∥∥
= ∥∥tnx0 + (1 − tn)T (ω,x0)+ (1 − tn)[T (ω, ξn(ω))− T (ω,x0)]∥∥
 tn‖x0‖ + (1 − tn)
[∥∥T (ω,x0)∥∥+ ∥∥T (ω, ξn(ω))− T (ω,x0)∥∥]
 tn‖x0‖ + (1 − tn)
[∥∥T (ω,x0)∥∥+ α∥∥ξn(ω)− x0∥∥].
Dividing by ‖ξn(ω)‖ and taking limit n → ∞, we arrive at a conclusion 1 α, a contra-
diction. Thus {ξn(ω)} is a bounded sequence and∥∥T (ω, ξn(ω))− ξn(ω)∥∥= tn∥∥T (ω, ξn(ω))− x0∥∥→ 0, as n → ∞. (5.1)
Since T is a completely continuous random operator and {ξn(ω)} is a bounded sequence
for each ω ∈ Ω. So we have a subsequence {ξnk (ω)} of {ξn(ω)} such that {T (ω, ξnk (ω))}
is convergent, for each ω ∈ Ω. Therefore, from (5.1), we have, {ξnk (ω)} is convergent,
for each ω ∈ Ω, that is, ξnk (ω) → q(ω), for each ω ∈ Ω. By the continuity of T ,
T (ω, ξnk (ω)) → T (ω,q(ω)), therefore we have T (ω,q(ω)) = q(ω), for each ω ∈ Ω. The
mapping q :Ω → F, being a pointwise limit of the measurable mappings {ξn}, is measur-
able. Hence q is a random fixed point of T . 
Theorem 5.2. Let F be a closed and convex subset of a complete separable metric space X,
and T :Ω ×F → F be a weakly contractive random operator. Then T has a random fixed
point.
Proof. Let ξ0 :Ω → F be any fixed measurable map. We define the sequence of functions
{ξn} from Ω to F as,
ξn+1(ω) = T
(
ω, ξn(ω)
)
, for each ω ∈ Ω, n = 0,1,2, . . . .
Consider,
d
(
ξn+1(ω), ξn+2(ω)
)= d(T (ω, ξn(ω)), T (ω, ξn+1(ω)))
 d
(
ξn(ω), ξn+1(ω)
)−Ψ (d(ξn(ω), ξn+1(ω))),
for each ω ∈ Ω.
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and nonincreasing sequence of numbers. Hence it converges to L such that L 0. Now if
L> 0, we have
Ψ
(
d
(
ξn(ω), ξn+1(ω)
))
 Ψ (L) > 0.
Thus,
d
(
ξn+1(ω), ξn+2(ω)
)= d(T (ω, ξn(ω)), T (ω, ξn+1(ω)))
 d
(
ξn(ω), ξn+1(ω)
)−Ψ (L).
Continuing this process, we reach at the stage
d
(
ξm+N(ω), ξm+N+1(ω)
)= d(T (ω, ξm+N(ω)), T (ω, ξm+N−1(ω)))
 d
(
ξm(ω), ξm+1(ω)
)−NΨ (L).
Therefore,
d
(
ξm+N(ω), ξm+N+1(ω)
)+NΨ (L) d(ξm(ω), ξm+1(ω)).
It gives a contradiction for N large enough. Thus L = 0. Now we show
T (ω, .)
(
B
(
T
(
ω, ξN−1(ω)
)
, ε
))⊆ B(T (ω, ξN−1(ω)), ε),
for each ω ∈ Ω, where ε > 0. Choose N so that
d
(
ξN(ω), ξN+1(ω)
)
min
{
ε
2
,Ψ
(
ε
2
)}
.
Now, if d(x, ξN(ω)) ε2 , for each ω ∈ Ω, then
d
(
T (ω,x), ξN(ω)
)
 d
(
T (ω,x), T
(
ω, ξN(ω)
))+ d(T (ω, ξN(ω)), ξN(ω))
 d
(
x, ξN(ω)
)−Ψ (d(x, ξN(ω)))+ d(T (ω, ξN(ω)), ξN(ω))
<
ε
2
+ ε
2
= ε, for each ω ∈ Ω.
Now, if ε2 < d(x, ξN(ω))  ε, then
d
(
T (ω,x), ξN(ω)
)
 d
(
T (ω,x), ξN+1(ω)
)+ d(ξN+1(ω), ξN(ω))
 d
(
x, ξN(ω)
)−Ψ (d(x, ξN(ω)))+ d(ξN+1(ω), ξN(ω))
 d
(
x, ξN(ω)
)−Ψ(ε
2
)
+Ψ
(
ε
2
)
 ε.
It gives that T (ω,x) ∈ B(ξN(ω), ε), for each ω ∈ Ω and n > N. Since ε is arbitrary,
thus {ξn(ω)} is a Cauchy sequence for each ω ∈ Ω, as T (ω, ξn−1(ω)) ∈ B(ξN(ω), ε), for
each ω ∈ Ω and n > N. Therefore, ξn(ω) → ξ(ω), where ξ :Ω → F, being the limit of
sequence of measurable mappings, is a measurable mapping, now continuity of T further
implies that ξ is a desired random fixed point of T . 
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space X and T :Ω × F → F be a weakly contractive random operator. Suppose a se-
quence of functions {ξn} from Ω to F is defined as
ξn+1(ω) = (1 − αn)ξn(ω)+ αnT
(
ω, ξn(ω)
)
, for each ω ∈ Ω,
n = 0,1,2, . . . , where 0 αn  1, with ∑αn = ∞, and ξ0 :Ω → F is an arbitrary mea-
surable map. Then the sequence {ξn} converges to the random fixed point of T .
Proof. By Theorem 5.2, T :Ω → F has a random fixed point. Let ξ :Ω → F be a random
fixed point of T , then∥∥ξn+1(ω)− ξ(ω)∥∥
= ∥∥(1 − αn)ξn(ω)+ αnT (ω, ξn(ω))− ξ(ω)∥∥
 (1 − αn)
∥∥ξn(ω)− ξ(ω)∥∥+ αn∥∥T (ω, ξn(ω))− ξ(ω)∥∥
 (1 − αn)
∥∥ξn(ω)− ξ(ω)∥∥+ αn∥∥T (ω, ξn(ω))− T (ω, ξ(ω))∥∥
 (1 − αn)
∥∥ξn(ω)− ξ(ω)∥∥+ αn[∥∥ξn(ω)− ξ(ω)∥∥−Ψ (∥∥ξn(ω)− ξ(ω)∥∥)]

∥∥ξn(ω)− ξ(ω)∥∥, for each ω ∈ Ω.
Hence {‖ξn(ω) − ξ(ω)‖} is a nonnegative nonincreasing sequence, which converges to a
limit L 0. Suppose that L> 0, then for any fixed integer N,
∞∑
n=N
αnΨ (L)
∞∑
n=N
αnΨ
(∥∥ξn(ω)− ξ(ω)∥∥)

∞∑
n=N
[∥∥ξn(ω)− ξ(ω)∥∥− ∥∥ξn+1(ω)− ξ(ω)∥∥]

∥∥ξN(ω)− ξ(ω)∥∥, for each ω ∈ Ω,
which contradicts
∑
αn = ∞. Therefore, we have ξn(ω) → ξ(ω), as n → ∞, for each
ω ∈ Ω. 
Theorem 5.4. Let T :Ω × F → F be a weakly contractive random operator, where F is
nonempty closed and convex subset of a separable Banach space X. Suppose the sequence
of functions {ξn} and {ηn} are defined as
ξn+1(ω) = (1 − αn)ξn(ω)+ αnT
(
ω,ηn(ω)
)
,
ηn(ω) = (1 − βn)ξn(ω)+ βnT
(
ω, ξn(ω)
)
, for each ω ∈ Ω, n = 0,1,2, . . . ,
where 0 αn,βn  1,
∑
αnβn = ∞, and ξ0 :Ω → F is an arbitrary measurable mapping.
Then the random iterative sequence {ξn} converges to the random fixed point of T .
Proof. Let ξ :Ω → F be a random fixed point of T , the existence of random fixed point
of T follows from Theorem 5.2. Now consider
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= ∥∥(1 − αn)ξn(ω)+ αnT (ω,ηn(ω))− ξ(ω)∥∥
 αn
∥∥ξn(ω) − ξ(ω)∥∥+ (1 − αn)∥∥T (ω,ηn(ω))− ξ(ω)∥∥
= αn
∥∥ξn(ω) − ξ(ω)∥∥+ (1 − αn)∥∥T (ω,ηn(ω))− T (ω, ξ(ω))∥∥
 αn
∥∥ξn(ω) − ξ(ω)∥∥+ (1 − αn)[∥∥ηn(ω)− ξ(ω)∥∥−Ψ (∥∥ηn(ω) − ξ(ω)∥∥)]
= αn
∥∥ξn(ω) − ξ(ω)∥∥+ (1 − αn)[∥∥(1 − βn)ξn(ω)+ βnT (ω, ξn(ω))− ξ(ω)∥∥
−Ψ (∥∥ηn(ω)− ξ(ω)∥∥)]
 αn
∥∥ξn(ω) − ξ(ω)∥∥+ (1 − αn)[βn∥∥ξn(ω)− ξ(ω)∥∥
+ (1 − βn)
∥∥T (ω, ξn(ω))− ξ(ω)∥∥]− (1 − αn)Ψ (∥∥ηn(ω) − ξ(ω)∥∥)
 αn
∥∥ξn(ω) − ξ(ω)∥∥+ βn(1 − αn)∥∥ξn(ω)− ξ(ω)∥∥
+ (1 − βn)(1 − αn)
[∥∥ξn(ω)− ξ(ω)∥∥
−Ψ (∥∥ξn(ω)− ξ(ω)∥∥)]− (1 − αn)Ψ (∥∥ηn(ω)− ξ(ω)∥∥)

∥∥ξn(ω) − ξ(ω)∥∥− (1 − βn)(1 − αn)Ψ (∥∥ξn(ω)− ξ(ω)∥∥)
− (1 − αn)Ψ
(∥∥ηn(ω)− ξ(ω)∥∥)

∥∥ξn(ω) − ξ(ω)∥∥.
Thus {‖ξn(ω) − ξ(ω)‖} is a nonnegative nonincreasing sequence, which converges to the
limit L 0. Suppose that L> 0, then for any fixed integer N,
∞∑
n=N
(1 − αn)(1 − βn)Ψ (L)
∞∑
n=N
(1 − αn)(1 − βn)Ψ
(∥∥ξn(ω)− ξ(ω)∥∥)

∞∑
n=N
[∥∥ξn(ω)− ξ(ω)∥∥− ∥∥ξn+1(ω) − ξ(ω)∥∥]

∥∥ξN(ω)− ξ(ω)∥∥,
which contradicts that
∑
αnβn = ∞. Hence we have ξn(ω) → ξ(ω), as n → ∞, for each
ω ∈ Ω . 
Theorem 5.5. Let T :Ω × F → F be a weakly contractive random operator, where F is
nonempty closed and convex subset of a separable Banach space X. Then, the sequence
of functions {ξn} given by ξn+1(ω) = Sn(ω, ξ0(ω)), for each ω ∈ Ω , n = 0,1,2, . . . , con-
verges to the random fixed point of T . Here ξ0 :Ω → F is an arbitrary measurable map-
ping and the random operator S :Ω × F → F is defined as S(ω,x) =∑ki=0 αiT i(ω, x),
where each αi  0,
∑k
i=0 αi = 1 and α1 = 0.
Proof. For each i, 1  i  k, T i(ω, .) is a weakly contractive random operator. As it is
true for i = 1, suppose that it is true for i = j. Then, for x, y ∈ X,
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
∥∥T j (ω,x) − T j (ω,y)∥∥−Ψ (∥∥T j (ω,x) − T j (ω,y)∥∥)

∥∥T j (ω,x) − T j (ω,y)∥∥
 ‖x − y‖ −Ψ (‖x − y‖).
Now,
∥∥S(ω,x)− S(ω,y)∥∥=
∥∥∥∥∥
k∑
i=0
αi
(
T i(ω, x) − T i(ω, y))
∥∥∥∥∥

k∑
i=0
αi
∥∥T i(ω, x) − T i(ω, y)∥∥
= α0‖x − y‖ +
∥∥∥∥∥
k∑
i=1
αi
(
T i(ω, x) − T i(ω, y))
∥∥∥∥∥
 α0‖x − y‖ +
k∑
i=1
αi
[‖x − y‖ −Ψ (‖x − y‖)]
= ‖x − y‖ −
k∑
i=1
αiΨ
(‖x − y‖).
Thus S is a weakly contractive random operator, with Φ = ∑ki=1 αiΨ, thus the conver-
gence of iterative process immediately follows from Theorem 5.2. 
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